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^ : Abstract 

Local quantum operations relating multiqubit flip (0-1) and exchange symmetric (FES) states, 

C^^ ' with the maximum possible probability of success, have been determined by assuming that the 

(N 

states are converted via one-shot FES transformations. It has been shown that certain entangled 

^■' 
o ■ states are more robust than others, in the sense that the optimum probability of converting these 

r^ , robust states to the states lying in the close neighborhood of separable ones vanish under local 

C^ 

^ I FES operations. 
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I. INTRODUCTION 

Quantum entanglement is considered as a key resource in quantum computation, quantum 
cryptography and quantum information processing [l| . One of the most important problems 
in quantum information theory is whether it is possible to convert an entangled state, that 
is being shared between two spatially separated parties, to another by applying only local 
quantum operations on each subsystem. If two parties are also allowed to communicate 
classically this entanglement manipulation scheme is called local operations and classical 
communication (LOCC) 2|, yj. Two pure states can be obtained with certainty from each 
other by means of LOCC if and only if they are related by local unitary operations. The 
condition of certainty can be removed to allow probabilistic conversion of states through 



a 



stochastic local operations and classical communication (SLOCC) [^. This coarse-graining 
simplifies the equivalence classes labeled by continuous parameters in case of the local unitary 



operations. With the consideration of SLOCC, two states are said to 
entanglement if an invertible local operation (ILO) relating them exists 



lave same kind of 



a. 



In case of pure two-qubit states, there is a single equivalence class, i.e., all entangled states 
are equivalent to EPR state (l/v^)(|00) + |ll)) under SLOCC 5|,|6[. For three qubits, it was 
shown that entangled states can be converted either to the GHZ state (l/v^)(|000) + |111)), 
or to the W state (l/v/3)(|001) + |010) + |100)) by the application of SLOCC operations 
|5|. In other words, three qubits can be entangled in two inequivalent ways. Although two 
and three qubit entanglement is relatively well understood, classification problem becomes 
complicated for multiqubit systems starting from four qubits since continuous parameters 
are needed to label the equivalence classes |5|. The classification of four-qubit entangled 
states has also been done yet there are different (but complementary) points of view on the 



criteria of classification 







0-[lO|. There are no complete classifications for five or more qubits. 
However, for n-qubit exchange symmetric states, SLOCC classification has been obtained 
with the help of Majorana representation of symmetric states |ll |. 

Despite the fact that finding an ILO which relates two states with some non-zero prob- 
ability is sufficient to show the equivalence of these two states under SLOCC, the success 
probabilities of transformations have fundamental operational importance in quantum in- 
formation processes. For pure bipartite states, the transformations relating two states of 
the same class with the greatest probability of success have been found both in the cases of 



allowing and forbidding classical communication between the parties |6l. Il2|-|l4|. While the 



yyiii 



complete solution of the problem is not known for the states involviiig t 



iree or more qubits, 



there are several works in the literature providing partial solutions |15|-|20|. 

In this work, flip and exchange symmetric (FES) states, which are invariant when two 
qubits are interchanged or when all Os (Is) are changed to Is (Os), are considered. It has been 
recently shown that many-qubit FES states constitute a set of curves in the Hilbert space 
and equivalence classes of these states under ILOs can be determined in a systematic way for 
an arbitrary number of qubits [21]. The main purpose of the present work is to investigate 
the optimal local FES transformations relating two multiqubit FES states assuming that 
spatially separated parties are only allowed to apply one-shot local operations on their 
subsystems, i.e., they are not allowed to make use of classical communication. Although 
the coordination of local operations by the assistance of classical communication has been 
shown to enhance the power of transformations in certain cases |6| , it has also been noted 
that classical communication is expensive in some situations J22|. 



II. CONSTRAINTS ON THE ELEMENTS OF A QUANTUM OPERATION 

Necessary and sufficient conditions for the entries of a two by two matrix in order for 
the matrix to be an element of a single qubit quantum operation can be obtained directly 
from the probability-sum condition of quantum measurements. Consider two operation 
elements Mi and M2, which are 2x2 matrices, and the quantum operation p — )■ $(p) = 
MipM{ + M2PM2 performed on a single qubit. The only requirement on the operation 
elements to come from a positive operator-valued measure (POVM) is the normalization 
condition that M|Mi -|- M2M2 = I, where / denotes the 2x2 identity matrix and Mi and 
M2 are defined as 

Af,= f "'"=') aud Af.= f"="»|, (1) 

y as a4 y y a? o-s 

For diagonal elements, the normalization condition requires that 

|aiP + |a3p<l and |a2p + |a4p<l. (2) 



Let us introduce the four dimensional state vectors 

\Vou) 
\Vod) 



\^o) 



as 

as 

\ar/ 



and \ve) 




faA 
\a8 / 



(3) 



with 



|We«) = (02,04)^, l^ed) = (a6,a8)'^- 



(4) 



So that one have 



MjMi + MIM2 



I. 



(5) 



(^^ol^^o) {Vo\Ve) 
{Ve\Vo) {Ve\Ve) 

Therefore, {vou\vou) + {vod\vod) = {veu\veu) + {ved\ved) = 1 and {veu\vou) = -{ved\vod)- The 
Schwarz inequahty \{ved\vod)\^ < {vod\vod){ved\ved) imphes that 

\{Veu\Vou)\'^ < (1 - {Vou\Vou)){l " {Veu\Veu))- (6) 

Writing the vectors in terms of a^'s we obtain 

I |2 I I |2 I I |2 I I 1 2 ^^ 1 I I A 1 2 / 1^\ 

\ai\ +\a2\ + lasl + |a4| < 1 + |A| (7) 

where A = 0104 — 0203 denotes the determinant of the operation element Mi. On the 



other hand, if Oi, 02, 03, 04 are given with jasp + jayp = 1 



\ai\ 



|a3p and lagp + lag] 



1 — |a2|^ + |a4p5 Eq. (7) will ensure that {veu\vou) = —{ved\vod)- Hence, Eq. (2) together with 
Eq. (7) give the necessary and sufficient conditions for a 2 x 2 matrix to be a valid operation 
element. Moreover, one can show that the inequalities given by Eq. (2) are guaranteed to 
be satisfied provided that Eq. (7) holds and |aip + |a2p + |a3p + |a4p < 2. Thus, the 
constraints can be simplified as 



kiP + |a2p + lasP + |a4p < 1 + |AP < 2. 



(8) 



Given an operation element Mi with its corresponding probability of success p, the entries 
of Ml can be multiplied by a complex number c to increase the success probability of the 
transformation by a factor of |cp. In this case, one has 

1 2 



|cP<^ 



F2I 



m\ 



1^41 



aiP + |a2P + ksP + |a4n^ - 4|A|2 



2IAI 



(9) 



It is obvious from the above expression that the greatest value of |cp, and consequently, of 
p|cp will be obtained when |cp is equal to the right hand side of Eq. (9). As a result, for 
the transformations having the maximum probability of success, Eq. (8) becomes 

|ai|^ + |a2p + lasT + 1(^4'^ = 1 + 1^1^ < 2. (10) 

If Eq. (10) is not satisfied for a given operation element, one can easily scale it to give 
the optimal probability by multiplying with the maximum allowed value of |cp given by 
Eq. (9). A special class of transformation schemes, called one successful branch protoco 



(OSBP), for the distillation of entangled states have been considered in the literature 15Nl7|. 
This scenario involves n parties performing a unique two outcome POVM, whose operation 
elements are constructed in a way that after each POVM, one of the two possible resulting 
states contains no n-partite entanglement. For each party, this restriction mathematically 
implies that det[J — M|Mi] = 0, assuming the successful branch is realized by the application 
of Ml. The fact that this condition is nothing but the equality part of Eq. (10) guarantees 
the optimality of OSBP in the case of one-shot quantum operations. Finally, it is also 
possible to show that the necessary and sufficient conditions given by Eq. (8) are equivalent 
to the constraint on POVM elements that the eigenvalues of M|Mi should be less than or 
equal to one. 

III. STRUCTURE OF THE FES SUBSPACE 

A simple and systematic method for the classification of FES states has been recently 



obtained 2l|. It has been noted that imposing fiip and exchange symmetry on the system 



drastically simplifies the form of operators. Thus, FES ILOs can be written as 

M{t) = fit) iyv (11) 

where t 7^ ±1. Assuming that |'?/'(0)) is a normalized n qubit FES state, all equivalent 
normalized FES states can then be obtained as 

^ v/(V^(0)|(MtM)®"|7/;(0)) ^ ^ 

They lie on a curve parametrized by t provided that t is real. As t changes from —00 to 00, 
excluding t = ±1, lip^t)) traces the curve. However, if |V'(0)) turns out to be an eigenstate 



of M®"'{t), no FES ILO will alter it or by definition IV'(O)) will form an equivalence class 
by itself. Eigenstates of M®" are of the form ®l=^\±)k where |±) = {l/\/2)(\Q) ± |1)), and 
number of |+) and |— ) states in the Kronecker product are p and q = n — p, respectively. 
Flip symmetric ones are those with even q. Eigenvalues are given by 



x,, = nt){i+tni-ty, 



(13) 



and they are n\/p\q\ fold degenerate. The eigenstate {ippq) denotes the FES state obtained 
by evaluating the symmetric linear combination of degenerate eigenstates corresponding to 
eigenvalue Xpg given by Eq. (13). 

In case of three qubits, possible even q values are and 2. While the former corresponds 
to the separable state iV'so) = I + ++); the latter corresponds to the entangled state |?/'i2) = 

4=(| H ) + I — I — ) + I h)), which is equivalent to the \W) state. Since \GHZ) can be 

written as \GHZ) = cos6\tpi2) + sm9\ip3o) with 9 = n/G, it lies on the geodesic connecting 
the separable \S) state and the entangled FES \W) state. 
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FIG. 1; Graphical representation of 3, 4 and 5-qubit FES states under ILOs. (a) Almost all states are equivalent to \GHZ) 
under ILOs while \W) {|'0i2)) and \S) {|i/'3o)) a-re the neighbors of this equivalence class, (b) |'i/'4o) a^nd |V'04) are the end 
points of the curves. The dotted line denotes a portion of the great circle Ga,a—d o,d and |'i/'22} corresponds to Gi, — 1,0,2- The 
states lying inside the envelope can be generated using |0(9)) = (sin0/\/2)(|V'4o} + IV'04)) + cos9|i/i22) with < < 7r/2 as a 
representative subset, (c) All curves extend between IV'14) and |V'5o). The states lying inside the envelope can be generated 
using the representative subset \^{d)) = (sin6*/\/2)(|i/'5o) + I'014)) + cos9|i/'32) with < 9 < 7r/2, which is denoted by the 
dashed line. 



Allowed q values for four qubits are 0, 2 and 4. The first and the third are separable |^4o) 



and \iIjq4) states, respectively. The only entangled one is \'>p22) which is not 
(this state was misprinted as Go,-i,o,i in ref. |2l|) in the notation of ref. 



ling but G'i,_i,o,2 
7| where Gabcd is 



defined by 



Gahcd = ^^(10000) + 11111)) + ^^(10011) + 11100)) 

■ ^ + "^(10101) + 11010)) + ^(10110) + 11001)). (14) 



2 M /I // 2 

Since there are three distinct eigenvalues, the FES subspace is a sphere. All curves start 
and end on \1p4Q) and IV'04)- Expectedly, there exists infinitely many curves corresponding 
to infinitely many different SLOCC classes. Among the nine classes of four-qubit states, 
the only FES one is Gabcd with h = d — a and c = 0, and it represents a great circle on the 
sphere passing through \1p22) and making equal angles with |?/'4o) and |?/^04) [2]- Hence, all 
four-qubit FES states can be generated, by the application of FES ILOs, using Ga,a~dfi,d as 
a representative subset. If one specifically wants to deal with the curves lying inside the 
envelope, then considering 10(6*)) = [sinO / \/2){\iIj^q) + |^04)) + cos6'|^22) with < ^ < 7r/2 
as a representative is sufficient. 

When it comes to five qubits, the only separable eigenstate is \ip^o). The remaining two are 
entangled states represented by 1^32) and \ipi4)- The FES subspace is again three dimensional 
and the curves join \iP^q) and l^u). Since all three distinct eigenstates are perpendicular 
to each other by construction, all curves lying inside the envelope can be generated by the 
application of FES ILOs to the representative subset |$(6')) = (sin^/v^)(|?/'5o) + IV'14)) + 
cos^lT/'sa) with < 0< ti/2. 

IV. OPTIMAL LOCAL FES TRANSFORMATIONS 

Since FES ILOs given by Eq. (11) have a fixed form, one can scale the operators to obtain 
the optimal local transformations of multiqubit FES states by multiplying the matrices with 
the greatest allowed value of the scaling factor /^(t), which is 1/(1 + |t|)^ where t G (—1, 1). 

For three qubits, if one assumes that the initial state is \GHZ), then {ipit)) tends to the 
entangled state 1^12) as t — t- — 1. However, Fig. 2(a) shows that the maximum probability 
of obtaining a final state in the close neighborhood of the entangled state 1^12) decays to 
zero. On the other hand, I'lpit)) tends to the separable state lipso) as t — )■ 1. It can also 
be seen from Fig. 2(a) that the probability of obtaining a final state in the vicinity of the 
separable state \1p30) is at most 1/4. Furthermore, the maximum probability of success for 
transforming an arbitrary initial state \T{9)) = cos6'|'?/'i2) + sm9\iJj3o) with < ^ < 7r/2 to 



a final state, which is in the vicinity of the separable state {ipso), is examined. Fig. 2(b) 
displays that the closer the initial state to the entangled state {ipu), the more robust it 
becomes against a possible FES noise source. 




(a) 



(c) 



(e) 




FIG. 2: Optimal local transformations of FES entangled states, (a) Optimal probabilities of obtaining \GHZ) class FES states 
starting from the \GHZ) state, (b) Maximum probability of obtaining a final state in the vicinity of |'i/'3o} assuming that the 
initial state is |r(0)) = cos9\il)\2) + sin^li/jao) with < d < 7r/2. (c) Maximum probabilities of obtaining four-qubit FES 
states, under the assumption that the three initial states are |©(7r/100)) (solid line), |0(7r/6)) = \GHZ4) (dashed line) and 
|0(7r/2)) (dotted line), (d) Maximum probability of obtaining a final state in the close neighborhood of one of the separable 
states when the initial state is \&{9)) = {sin9 / \/2)(\'tpio) + IV'04)) + cosS|-(/>22) with < 6 < tt/2. (e) Maximum probabilities 
of obtaining five-qubit FES states, under the assumption that the initial states are |<I>(7r/100)) (solid line), |<l>(7r/4)) (dashed 
line) and |<I>(7r/2)) (dotted line), (f) Maximum probability of obtaining a final state in the vicinity of the separable state \1p50) 
when the initial states are arbitrary points on the curves generated from |$(7r/2)) (dotted line), |$(7r/10)) (dashed line) and 
[^(Tr/lOO)) (solid line). 



For four qubits, among the infinitely many curves joining {ipAo) and |'i/'o4)5 three of them 
are chosen for the investigation of the optimal FES transformations. As t — )■ 1 (t — )■ — 1), 
all three initial states get closer and closer to the separable state \ip4o) {\1p04)). Fig. 2(c) 
shows the probability of success of optimal FES transformations, assuming that the initial 
states are |e(7r/100)) (sohd line), 1 6(71/6)) = \GHZi) (dashed line) and 1 6(71/2)) (dotted 
line). It should be noted that this discussion is fundamentally different from the three-qubit 
case since the initial states chosen here belong to different FES SLOCC classes. Fig. 2(d) 

8 



displays the maximum probability of obtaining a final state in the close neighborhood of one 
of the separable states when the initial state is \Q{9)) = (sin^/v^)(|^4o) + |^04)) + cos6'|?/'22) 
with < ^ < 7r/2 . Considering the plots, one can conclude that the closer the entangled 
four-qubit FES states to the entangled state |'?/'22), the more robust they become in the sense 
that the optimum probability of converting them to the states lying in the vicinity of IV'04) 
and IV'04) vanish. 

For five qubits, the number of curves, which corresponds to the number of different 
FES SLOCC classes, are also infinite and again only three of them are considered. While 
all three initial states tend to the separable state |^5o) as t — t- 1, they approach to the 
entangled state l^pu) as t — )■ —1. Fig. 2(e) illustrates the probability of success of optimal 
FES transformations, assuming that the initial states are |$(7r/100)) (solid line), |$(7r/4)) 
(dashed line) and |$(7r/2)) (dotted line). The asymmetry in the plot is due to the fact that 
|?/'i4) is an entangled state while |^5o) is a separable state. Fig. 2(f) shows the maximum 
probability of obtaining a final state in the close neighborhood of the separable state iV'so) 
when the initial states are arbitrary points on the three curves generated from |$(7r/2)) 
(dotted line), |$(7r/10)) (dashed line) and |$(7r/100)) (sohd line). Consequently, five-qubit 
entangled states, which are in the vicinity of the curve connecting \1p32) and {iPm), are more 
robust than other entangled states. 



V. CONCLUSION 

In summary, optimal local FES transformations relating two multiqubit FES states have 
been investigated by making use of the constraints on the elements of a quantum operation. 
It has been shown that some entangled FES states are more robust than others under FES 
ILOs. Namely, for certain initial states, optimal probability of success drops to zero as the 
final state approaches to a separable state. For example, among the three-qubit \GHZ)- 
equivalent states, those that are closer to the FES \W) state are more robust than the other 
members of the class. Although our calculations have been limited to the three, four and 
five-qubit cases, the generalization of the present work to include n-qubit FES states is 
straightforward, since a systematic method has been presented for classifying these states 



under SLOCC |21| 
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